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alls out, “He’s In V-fib!” and electric pa
arged and applied to the patient’s chest.
S that the shock will correct the rhythm ©
saving the patient’s life--at least fo
t. Cardiac researchers study &

ular fibrillation (V-FIB). Using Comp
hers are modeling the electrical signals
through the specialized cells of the
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al waves become chaotic In ventri
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The Heart's Electrical System
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Spiral excitation wave

Spiral reentrant waves are
believed to be a possible model

of tachycardia. Here, aspiral
reentrant wave is induced in a 256x256
lattice of atrial cells modeled as
described for Oxsoft Heart V4.5 (D.
Noble). The reentrant wave was
Initiated using the so-called S1-S2
protocol. In this protocol, a planewave
IS initiated by current injection along
one edge of the lattice. When thiS'plane
wave has propagated across halithe
lattice, a second pulse is applied to
cells along the orthogonal edge. The
spiral reentrant wave induced using
this procedure has a rotational perioc
of about 100 msec.



Earlier Works

)2) proposed first model for electric act
Inje cardiac cell.

r (1975) extended Noble’s model by

Ing 1onic currents based on voltage cla

ter (1977) and Panfilov &Holden (197
odel for action potential of ventricula




ar action potential based on experimental date
ar cell. These models provide the basis for the
arrhythmogenic mechanisms of myocytes (Vire

95), Jafri et al (1998), Zipes & Jalife (1999) ha
] iImproved versions of Luo-Rudy model.

inzone et al (2004) simulated patterns of excita

zation and action potential duration cardiac Bit
0 Domain Models

aslien et al (2007) have proposed an uncondit
merical method for Luo-Rudy 1 model used i
ons of defibrillation.
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hanism of excitation of Cardiac (

S a number of 1onic-
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Action potential and underlying conductance changes
in a ventricular myocyte (from a small mammal)
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Cardiac Cell Model
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Multicellular Cardiac Propagation




Ic Cardiac Excitation Equa

ctro-Chemical Gradient: Flow of
S across the membrane depends 0
iIc concentration (Chemical Gradit
1 potential across the membrane
ectrical Gradient) I.e.

ECG - Vm'Eion,




embrane ionic conductance

Depends on the number of conducting

channels in the membrane and the
properties of individual channels

of (V. -E;,,) determines the direction of the movement
ent. If it is -ve, the ionic current is inward i.e. the move
arge into a cell. If it is +ve, the ionic current is outward

t of +ve charge out of a cell

rd current depolarizes a cell membrane (i.e. membrane
becomes more +ve).




-Channel Gating Mechanism Eque

Ic Channel will have many gates.

ating mechanism introduce both voltage
e dependence into the ionic-current

ites may be dependent on
ctrical/chemical/mechanical signals.

dn/dt = a,(1-n) - b n
. gate open rate co-efficient
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Excitation of Cardiac tissue IS
due to rapid 1onic currents
like Sodium, Potassium,
Calcium etc. through the
cellular membrane, modeled
by a reaction-diffusion
system of PDEs



Single Cell Luo-Rudy Model (1991) or Zero
Dimensional Model

ssume that v, transmembrane potential is only
lon of time. Considering all the gating variable
account we have,

2ral Equations:
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Parameter VValues and initial conditions
[Luo-Rudy Model (1991)]

lal VValues

: -84.0000 mV
: 0.9811
: 0.0031
: 0.0060




Parameter values

C,, : 1.00 mF/cm?

R :8324.41 mJ/(mol ° K)
K, :54mM

Ca,: 1.8 mM

Na, : 140 mM

G : 0.282 mS/cm?




Numerical Results

All Simulation are

carried out
on
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One Dimensional Luo-Rudy Model (1991)

e assume Vv, transmembrane potential as a functio
and only space variable, we get one dimensional
lon-diffusion equation for cardiac excitation prot

pCm%+diV(MeVV)+pl. v,w=1_ in Q@x(O0T)

1on

%—R(v,w):O in Qx(0,T)

Iion —
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Numerical Results

All Simulation are carried

out using
One Dimensional
Finite Element Method
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Animation of a strip of cardiac tissue
during cardiac excitation process

Animation shows excitation
process of a strip of cardiac tissue
during cardiac excitation process

Artificial current is given at
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Definition and motivation

Domain decomposition (DD) is a “divide and
conquer’” technique for arriving at the solution of
problem defined over a domain from the solution of
related problems posed on subdomains

Motivating assumption #1: the solution of the
subproblems is qualitatively or quantitatively
“easier” than the original

Motivating assumption #2: the original problem does
not fit into the available memory space

Moftivating assumption #3 (parallel context): the
subproblems can be solved with some concurrency



Divide, conquer, and combine —
as natural as breathing

o Most of the volume of the
lung just transports air and
blood down (“divide” phase)
to microstructures, where
they mix

A

34
e
Ea

e Most of the area of the lung
is at these smallest scales,
where gaseous exchange
(*conquer”) occurs
efficiently

e The oxvgenated blood and
deoxvgenated air then
“recombine™ for output



Subproblem structure

¢ The subdomains may be of the same or
different dimensionality as the original

2D

-

2D

—




The earliest DD paper?

Goezammello

Verfahren.

Ueher ciuen Grenziibergang durch alternirendes

Mathematische Abhandlungen i, i ..n.su

H. A. Sclhiwarz.

What Schwarz proposed...
m Solve PDE in circle

with BC taken from
interior of square

Solve PDE in square
with BC taken from
interior of circle

[ deIdI pUY



Decomposition strategies for LU :f In ()

¢ Operator decomposition
L-Y L,
k
¢ Function space decomposition

f:katIJHH ZZHJ&‘I’R
k k

¢ Domain decomposition

0=U.0,



Operator decomposition

e Consider ADI
= %w Uy m e

M oo

e Iteration matrix consists of four multiplicative
substeps per timestep
= {wo sparse matrix-vector multiplies

m two sets of unidirectional bandsolves

e Parallelism within each substep

¢ But global data exchanges befween bandsolve substeps



Function space decomposition

¢ Consider a spectral Galerkin method
u(x, y.t) = Z a,(t)@,(x.y)
Jj=1
L (D, ,u)=(D,, Lu)+(D,, f),i=1.. N
da; . .
2 (D,.D.)F= E.J.((IJ}.,[:(DI)HJ +(D.,f),i=1.. N
d M Ka+M7'f
e Method-of-lines system of ODEs
e Perhaps M =[(D®,.D,).K=[(D,.LD,)] are diagonal
maftrices

e Parallelism across spectral index

e But global data exchanges to fransform back to
physical variables at each step



SPMD parallelism w/domain decomposition

Partitioning of the gnid
mduces block structure on

the system matrix
(Jacobian)




Now, let’s compare!

¢ Operator decomposition (ADI)

= natural row-based assignment requires global ali-ro-
all, bulk data exchanges in each step (for transpose)

e Function space decomposition (Fourier)

m Natural mode-based assignment requires global all-to-
all, bulk data exchanges in each step (for transform)

¢ Domain decomposition (Schwarz)

m Natural domain-based assignment requires local
surface data exchanges, global reductions, and
optional small global problem

(Of course, domain decomposition can be interpreted
as a special operator or function space decomposition)



State of the art

Domain decomposition is the dominant paradigm in contemporary
terascale PDE simulation

Several freely available software toolkits exist, and successfully scale
to thousands of tightly coupled processors for problems on quasi-
static meshes

Concerted efforts underway to make elements of these toolkits
interoperate, and to allow expression of the best methods, which tend
to be modular, hierarchical, recursive, and above all — adapfive!
Many challenges loom at the “next scale” of computation

Implementation of domain decomposition methods on parallel

computers has inspired many useful variants of domain
decomposition methods

The past few vears have produced an incredible variety of interesting
results (in both the continuous and the discrete senses) in domain
decomposition methods, with no slackening in sight



Krylov-Schwarz parallelization summary

¢ Decomposition into concurrent tasks
= by domain
e Assignment of tasks to processes

= typically one subdomain per process

¢ Orchestration of communication between processes
= to perform sparse matvec — near neighbor communication
m to perform subdomain solve — nothing
= to build Krvlov basis — global inner products

m to construct best fit solution — global sparse solve (redundantly)

e Mapping of processes to processors

m typically one process per processor
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The Macroscopic Bidomain
Model

C tissue Is modeled as superimposed intra and extrace
edia connected by a distributed cellular membrane.

tissue Is anisotropic due to the fiber structure. Macrao
model of the conductivity tensors M. (intracellular),
M (extracellular)

M, = 0i* (1 + (07 (%) - 01 (x)) a(x)a’ (X




.. Qx(0,T) >R (intra and extra cellular potent
. —U, = (transmembrane potential)

),T) > R"™ (gating variables)

-

(vyw)=1'in Qx(0,T)

app

pCm%—div(MiVuinl

pCm%+diV(MeVue)+ ol

ion

(vyiw)=15 in Qx(0,T)

ion app

%—R(v,w)zO in Qx(0T)

\




The Hodgkin-Huxley model for
the 1onic currents

N M
lion (VW) = > G [ [wj™ (v—v,)
k=1 j=1

where, Vv, = resting potential for the k-ionic current
and p, are integers

w,, ) are gating variables related to the flo
t lons through channels of the membrane modeled b
of ordinary differential equations

OW.

?J: R, (V’Wj) :aj(v) (1-O_Wj)_,8j(v) (Wj)
W (X,0) =w;, ;(X) O<w, <1

a;,p; >0




2.76 x 2.76 x 0.08 cm”3

odel is run for complete heartbeat of sa
)0 ms with 3000 time steps



Transmembrane potental Extracellular potential

Spatial maps of trans-
membrane and extra-
cellular potentials
computed 40 ms after
the stimulus iIs given at
a vertex of the domain

-84.23 41.72 2.00 -25.11 4007 200




2.76 x 2.76 x 0.08 cm”3
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neen proposed by fitting experi
th more complex model like

eler-Reuter (1977) with N=4, M=7

0-Rudy 1 (1991) with N=6, M=8
0-Rudy 2 (1994) with N=10, M=8
zhugh Nagumo Model

ger McCulloch Model




Three Dimensional
odeling of Ventricl

Myocardium tissue
using
Roger Model




The simplified FitzHugh-Nagumo system

ntaneous current voltage law with only ¢
variable w

{Iion(V’W) =g(v)+ Sw

cubic-like function, 3,7>0

t g(v)
/ ,,,,

\/

R(v,w) = fv—yw




le w (and use Fltzhugh Nagumo variant by Ro
Mc Culloch, 1994):

pCm%+div(MVv)+pl

ion(V’W)ZIapp in Qx(0,T)

oW V :
—=C,(——-Cc,w in Qx(0, T
T x(0.T)

+ Neumann boundary conditions for v and initial conditions for v and w
v,, threshold potential
I (v,w) = Gv(l——)(l——) + C,VW, :
Vi, vV, v, peak potential

M(X) = ,(x) | + (0, () — 7, (X)) a(x) a" (X).




Domain Discretization

X =a(r)cosécosg

y =b(r)cosésin ¢
Zz=c(r)sing 0<r<l1

a(r) =& + r(az -~ a1)
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Variation Formulation

We L*(0,T;V) such that Vy eV,t (0, T)

(v(t), p) +a(v(t), @) + o(l,, (v, W), @) = (I

t),p) =C,(v(t), p) —c;(w(t), @),

lal conditions and

p:0. 22 < 12(Q0) 1 =1,2,3



Finite Element discretization In space

tured grid of (n,n;,n) hexahedral isoparametric

ion app

%+Avh T+ pMI" (v, w ) = MI"

GV, — W,
V, ={®, 1 @, is continuous in Q and ¢, |, s

matrix M =M" = (mij):z_[¢igpjdx
K K




Time discretization: semi-implicit
method

Euler for diffusion term + explicit for nonli

term implicit Euler for the gating equation.

choices are also possible: Crack-Nicol:
e methods etc.)

n+l  ,/n
,OCmMV Atv +AV™ + oML (V" W) =MI!

ion app

n

W —w
At

n+1 n+1

=Cc,v"" —Cc,W




a Fluorescence
dye =i

Stirmulating /

oloctrodo K




pshots of AP propagation at different times obtal
rough Optical imaging (from M. Pop et al (2008




From M.Pop et al (2008)



Methodology Used

For the Finite Element Code we need to have,

.l Three dimension data structure that Is equally
distributed over all the processors.

.l Assembling of this mass and stiffness matrix are
required which is done by all the processor efficiently.

1 Once all these tasks done the problem is reduced into a
algebraic system describe in above equation.

. To solve this algebraic system we may use a suitable
iterative  solver like Conjugate Gradient and
preconditioner like Block Jaccobi.
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Numerical Results

All Simulation 1s carried out
using

Three Dimensional unsteady
Parallel
Finite Element method




7 Lﬁﬁ_

7249 MIN= 0.12 MAX= 68.85 MIN= 0.12 MAX= 68.27 MIN= 11.59

MAX=50.28 MIN=17.99




MAX= 63.50 MIN= 0.67 MAX= 58.72 MIN= 8.07

MAX=49.03 MIN=31.44




N

MAX= 47.95 MIN= -4.07 MAX= 4287 MIN= 0.63 MAX= 41.61 MIN= 10.93

MAX=38.61 MIN= 5.22




/

MAX= 43.07 MIN= 1.18 MAX= 32.15 MIN= 1.18 MAX= 38.43 MIN= 10.09

MAX=36.65 MIN= 6.37 \36. MIN= 6.37




Conclusions

Ll Numerical simulation of cardiac excitation IS
developed

» Implementing Luo-Rudy model (1991) with eight
gating variables in one dimension.

» Implementing Roger model with one gating variable
In three dimension.

.l Three dimensional Finite Element Parallel code,
based on detailed 3D anisotropic model, is developed
for Large scale simulation of cardiac excitation process
on distributed memory parallel computer IBM sp2. It is
used for simulating the cardiac excitation process on
Ventricular myocardium during Complete heart beat.




Further Development

.l More detailed models like bidomain model are used to
get more realistic situation. Also more detailed model
like Luo-Rudy (1994) will also make the model more
detailed and tried to simulate perfectly.

.l For time discretization more efficient time
advancement approximation make model more accurate
for example: second order methods, adaptivity etc.

1 More general geometry like addition of atria and more
realistic approximation using MRI data techniques.



